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e “Fundamental” science: reductionism
o Greeks: Concept of the atom
e 19% century:
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SCIENCE

4 August 1972, Volume 177, Number 4047

« Condensed Matter Physics: emergence
* Anderson: “More is different”

less relevance they seem to have to the
very real problems of the rest of sci-
ence, much less to those of society.

The constructionist hypothesis breaks
down when confronted with the twin
difficulties of scale and complexity. The
behavior of large and complex aggre-
gates of elementary particles, it turns
out, is not to be understood in terms
of a simple extrapolation of the prop-
erties of a few particles. Instead, at
each level of complexity entirely new
properties appear, and the understand-
ing of the new behaviors requires re-
search which I think is as fundamental
in its nature as any other. That is, it

More Is Different

Broken symmetry and the nature of
the hierarchical structure of science.

P, W. Anderson

The reductionist hypothesis may still
be a topic for controversy among phi-
losophers, but among the great majority
of active scientists I think it is accepted

planation of phenomena in terms of
known fundamental laws. As always, dis-
tinctions of this kind are not unambiguous,
but they are clear in most cases. Solid
state physics. plasma physics, and perhaps

seems to me that one may array the
sciences roughly linearly in a hierarchy,
according to the idea: The elementary
entities of science X obey the laws of
science Y.
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e “Fundamental” science: reductionism
o Greeks: Concept of the atom
e 19% century:

o Periodic table of elements
o Statistical mechanics
o Electrodynamics

e 20% century:

o0 Quantum mechanics + Relativity
0 Subatomic (elementary) particles

« Condensed Matter Physics: emergence

Anderson: “More is different”
Spontaneous symmetry breaking in high
energy physics: Yoichiro Nambu
(inspiration: superconductivity)

Lev Landau: Classification of phases by
symmetry breaking

Vitaly Ginzburg: Local order parameter
Success of Landau-Ginzburg: crystalline
solids, magnets and superconductors




l. Introduction

» Topological Phases of Matter
« von Klitzing’s discovery of the
Integer Quantum Hall (QH)
Effect (IQHE) in 1980
» Topological invariant = Hall

conductance quantized in units
of e?/h
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l. Introduction

» Topological Phases of Matter
 von Klitzing’s discovery of the
Integer Quantum Hall (QH)
Effect (IQHE) in 1980

« Topological invariant = Hall * Quantization of g, as a
conductance quantized in units consequence of:
of e2/h . Gaug_e_ Invariance
« Laughlin’s argument of the * Mobility gap at the
“quantum pump” qanntlzed plateaus
 Thouless, Kohmoto, H(ky, ko) = L (_mg + h/ﬁ)
Nightingale, and den Nijs 2m “ ,
(TKNN) = Analytically . (_ma% By — eBa:) LU y)

showed quantization of Hall

conductance Z Z

(aw) <aﬁ>
ok ok
1 o8 2 sa

* Quantization of a,, was shown Ly €B>EF ~ )
by brute force evaluatlon of OH OH
Kubo formula | Ok, Ok ,

Note: the TKNN paper was before Michael Berry’s
seminal paper on Berry phase



l. Introduction

e Topology in mathematics
* Notion of topological

Invariance =»
classification of different
geometrical objects into
equivalence classes
Example: classification of
2D surfaces = number of
holes (or genus)

. Topology In physics
In physics, consider Hamiltonians of many-particle systems with an energy
gap or vacuum of a theory with gapped excitations

« Examples of real systems: Hamiltonians of insulators and superconductors
with a full energy gap

 NOT: metals, doped semiconductors, or nodal superconductors

* “Smooth deformation” =» Tuning parameters in the Hamiltonian without
closing the bulk gap

» Topological invariant =» extra label in addition to Landau-Ginzburg order
parameter




l. Introduction

« Overview of important developments in topological materials
» Quantum Hall states belong to a topological class which explicitly breaks
time-reversal symmetry (TRS)
» Recently, new topological class of materials theoretically predicted and
experimentally observed: Symmetry Protected Topological (SPT) phases
preserving TRS in 2D and 3D

Discovery

Quantum spin Hall insulator
state in HgTe quantum wells

Theoretical

Bernevig et al., Science 314,
5806 (2006), pp. 1757-1761

Experimental

Konig et al., Science 318,
5851 (2007), pp. 766-770.

Topological insulators (TIs)
in three dimensions: theory
and prediction in Bi,Sb, ,

(Theory) Fu et al., PRL 98,
10 (2007), pp. 106803

(B1,Sbh,,) Fuetal., PRB 76,
4 (2007), pp. 045302

Hsieh et al., Nature 452,
7190 (2008), pp. 970-974

Second generation of 3D
topological insulators:
Bi,Se,, Bi, Teg, and Sbh,Te,

Zhang et al., Nature Physics
5, 6 (2009), pp. 438-442

(Bi,Se;) Xia et al., Nature
Physics 5, 6 (2009), pp. 398-
402

(Bi,Te;,) Chen et al.,
Science 325, 5937 (2009),
pp. 178-181




. “Real” Introduction

e The (twisted) Road to

Topological Insulators

* |QHE without external gauge
field (Haldane, 1988)

» Topological Field Theory (TFT)
of the QH effect based on
Chern-Simons (CS) term (Zhang
et. al, 1992)

* Microscopic model for QH
Effect (QHE) in 4D (Zhang et.
al, 2001)

e 2D and 3D TIs result from
dimensional reduction of 4D
QHE

H (k) = 2t; cos(¢ (ZCOS k- b; >
Z [cos(k - a;)0" + sin(k - ai)02]>
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. “Real” Introduction

e The (twisted) Road to

Topological Insulators
* |QHE without external gauge
field (Haldane, 1988)
» Topological Field Theory (TFT)
of the QH effect based on
Chern-Simons (CS) term (Zhang

Spin conductance

klﬁ k'; o~ /
j : T

HH | Ospin X nLH<k) - nHH(k)
LH\ - \/’

|
|
|
|
* Microscopic model for QH | | Light-Hole (LH) and
|
|

XZZI

Energy E (eV)

-0.1

et. al, 1992) oy Occupations of
Effect (QHE) in 4D (Zhang et. so Heavy-Hole (HH)
al, 2001) /\ bands
* 2D and 3D Tls result from A 05 0 os
dimensional reduction of 4D wevenamperim
QHE A z—éfx B
e Intrinsic spin Hall effect D NSRS S (PR S
(Murakami et. al, 2003) /] ==
« Dissipationless Spin Hall " pcans Gans
Insulator (SHI) (Murakami et. © [om o ® A Y
al, 2003) N — L oA




. “Real” Introduction

e The (twisted) Road to Topological

Insulators
e Motivation from SHI =» Quantum
Spin Hall Effect (QSHE) in graphene
with intrinsic Spin-Orbit Coupling
(SOC) (Kane et. al, 2005a)
e QSHE in strained semiconductors
(Bernevig et. al, 2006)
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. “Real” Introduction

* The (twisted) Road to Topological . mportant Note: Z,

Insulators classification of TRI insulators
e Motivation from SHI = Quantum => “protected” edge states in
Spin Hall Effect (QSHE) in graphene QSHE (Kane et. al, 2005b)

with intrinsic Spin-Orbit Coupling
(SOC) (Kane et. al, 2005a)

e QSHE in strained semiconductors
(Bernevig et. al, 2006)
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l. “Real” Introduction
* The (twisted) Road to Topological . mportant Note: Z,

Insulators classification of TRI insulators
e Motivation from SHI = Quantum =>» “protected” edge states in
Spin Hall Effect (QSHE) in graphene QSHE (Kane et. al, 2005b)
with intrinsic Spin-Orbit Coupling » Edge states due to band inversion
(SOC) (Kane et. al, 2005a) of HgTe relative to CdTe known
e QSHE in strained semiconductors back in 1986 by Volkov and
(Bernevig et. al, 2006) Pankratov!
Solid State Communications, Vol. 61, No. 2, pp. 9396, 1987. 0038/1098/87 $3.00 + .00
Printed in Great Britain. Pergamon Journals Ltd.

SUPERSYMMETRY IN HETEROJUNCTIONS: BAND-INVERTING CONTACT ON THE BASIS OF Pb,_,Sn, Te
AND Hg, _,Cd, Te

0.A. Pankratov, S.V. Pakhomov and B.A. Volkov
P.N. Lebedev Physical Institute, USSR Academy of Sciences, 117924, Moscow, Leninsky Prospect 53, USSR
(Received 18 August 1986 by V.M. Agranovich)

In the inhomogeneous structure, which is the contact of two semicon-
ductors with mutually inverted bands, two-dimensional non-degenerate
electron states exist. These states appear due to the supersymmetry of an
effective Hamiltonian and do not depend on the specific form of the
transition region. When the energy increases the supersymmetry is broken
and therefore the interface states exist only in a definite energy interval.



. “Real” Introduction

e The (twisted) Road to Topological

Insulators

e Motivation from SHI =» Quantum
Spin Hall Effect (QSHE) in graphene
with intrinsic Spin-Orbit Coupling

(SOC) (Kane et. al, 2005a)

e QSHE in strained semiconductors

(Bernevig et. al, 2006)

E F(meV} f £
1560
? Efop)

T8 -—u' p
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Important Note: Z,
classification of TRI insulators
=>» “protected” edge states in
QSHE (Kane et. al, 2005b)

Edge states due to band inversion
of HgTe relative to CdTe known
back in 1986 by Volkov and
Pankratov!

\Volkov and Pankratov did not
make the connection to topology
or protection of edge states

TFT for topological insulators
using dimensional reduction of
4D QHE (Qi et. al, 2008)



1. Two-Dimensional Topological Insulators
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A. Effective model of the two-dimensional time-reversal invariant
topological insulator in HgTe/CdTe quantum wells

HgTe CdTe
Inversion of the I'; and I'g bands in , 4
HgTe relative to CdTe / 3
HgTe can be a 3D topological insulator < * B 2T N
HgTe has no gap! = Iy 1
Quantum confinement provides § NN 0 FS/N
subbands with gaps i 1‘7 \N AR
For well thickness (dgy,) > 6.3 nm % 2 2 7 1
phase transtion occurs 2 A \ 3 1
» ° Tl / Iz \
Bands get “inverted R N
~ I A T A xL A T A X
| HgTe Is I HgTe =
T | | - Li—
CdTe |}L---- CdTe a7, ) - I | PR — CdTe
H1 E1
S, e— Is I o —




1. Two-Dimensional Topological Insulators

B. Explicit solution of the helical edge states () 00s

Divide the model Hamiltonian into two H=H,+H -
parts: [ M(k,) Ak, 0 0 2
~ Ak, —M(k,) 0 0
Hy =¢€(ky) + —~
0 = &(kz) 0 0 M(k) —Ak,
0 0 —Ak, —M(k,)
(®) 005
—Bk2 iAk, 0 0
= —iAk, Bk 0 0 — , S
==PhFl 07 o Bk iak, | M) =M =Bl 2
0 0 —iAk, Bk? ) €lk:)=0C—Dk;

* The model is defined (say) for the region x > 0. By breaking

translational symmetry in this direction we need to replace:x, — —i0,
» The edge energy spectrum (if it exists) belongs to a family of eigen spectra of

the full Hamiltonian with &, = 0
Hy (ky — —i0,) U (z) = EV(x)
» Above Hamiltonian is block diagonal =» solutions take the form

nw=( )@= ()

The above eigenstates are related by time-reversal



1. Two-Dimensional Topological Insulators

B. Explicit solution of the helical edge states

Mk,) Ak, 0 0 e(k,) = C — D?
~ Ak, —M(k,) 0 0 ’
Hy = ¢k, N —

0o = €(ks) + 0 0 M(k,) —Ak, M (k,) = M — Bk}
0 0 —Ak, —M(k,)

Ho (ky — —i0,) W(x) = EV(z)  ¥y(2) = ( ) ) Yile) = ( o) )

 For C =D =0 (i.e. assuming particle-hole symmetry) and E = 0 we get
M + Bo? —i A0,
—ida, —M - Ba: )Vol®) =0

e \With the ansatz: ¥o(7) = g™

M+ BN —iA 1/ A 1/ A\ M
- — (2 ) (£2) - =
( —iAXN  —M — BXN? )¢ 0 Mt =73 ( B) \/4 B B
(M + BN*)T.¢ = iANT,@ Vo(z) = (ae™® + be™™)dy + (ce™ ™M 4 de %)
(M + B)\2) <—’iTxTz) Qb = A)\gb )\—,:I: = )\1/2

B — A\ Az dox A/B 0
Tygb — (M + BAQ) gb ¢O<5U) — { Ca(e(e)\lw _ :/\220?;57, A?B i 0

Typs = (F1)¢ a gL F
P Hipne (k) = (ol (Fo -+ 1) [05)
2 —
Ai,ij:g)‘i,i +5 =0 ~ Ak,0%P



1. Two-Dimensional Topological Insulators

C. Physical properties of the helical edge states
1. Topological protection of the helical edge states

* Explicit solution of the BHZ mode| =» pair of helical edge states exponentially

Iocallzed at the edge spinless 1D chain spinful 1D chain
« The concept of “helical” edge > it
state =» states with opposite spin —
counter-propagate at a given & = \]7 e
edge
« QH protected by “chiral” edge Q; i
states; QSH edge states protected QH QsH
due to destructive interference i
between all possible

backscattering paths a

b
e SOC provides spin-momentum
locking \\// :%?:
» Clockwise and anticlockwise
rotation of spin pick up +r phase \/

leading to destructive interference / —‘T>®




1. Two-Dimensional Topological Insulators

C. Physical properties of the helical edge states
1. Topological protection of the helical edge states

» The physical description of edge state protection works only for single pair of
edge states

« With (say) two forward-movers and two backward-movers backscattering is
possible without spin flip

 In other words, TRS perturbations can destroy edge states in pairs

* Robust or non- d|SS|pat|ve edge transport requires odd number of edge states

o |If TR symmetry is not present H.s = m/ ;l—k (%mk_ + h.c.>
T

« Electron operators: T T ' =v_k_, Tt-T ' = =¥kt  THupusT ' = — Hiass
: . dk
» Define the “chirality” operator C = N, — N_ = / P (w}; kg — w,i_wk_>

* Any operator that changes C by 2(2n-1) is odd under TR



1. Two-Dimensional Topological Insulators

C. Physical properties of the helical edge states
2. Interactions and quenched disorder

Only two TR invariant non-chiral interactions can be added Two-particle
Hi=gq [ dediap. ol <« forward backscattering or
f g/ TP Y=Y scattering term / “Umklapp” te?rm
H“:g“/ de el (2)l (@ + a)p_(x + a)- () + hee,
* We can “bosonize” the Hamiltonian

1% fo (ot o) g N /pz

* Bosonto f?rmion field operators
¢R(37) - 2_€ikeri¢R(:I:) (C)
ma -
1 P2 K
¢L($) ~ otk i (2) P4 oF
2ma
« The forward scattering term simply renormalizes the parameters K and v
B 1/2
K:(UF g) v =/v% — g2
VF T+ g

Combined With Umklapp term we get (opens a gap at kg = n/2)
H = /d:c L (0,00 + K(8,0) } gu(cos V16T 9)

2(ma)?




1. Two-Dimensional Topological Insulators

C. Physical properties of the helical edge states
2. Interactions and quenched disorder

Total Hamiltonian

H = /d:c g{%(@xgb)Q + K(awef} H

gu(cos V167 ¢)

2(ma)?

/ Umklapp term

Interactions can spontaneously break time-reversal symmetry

TR odd single-particle backscattering: N, = ¢}L.¢r; + he. N, =i(¥h¢r) —h.c)
RG analysis = Umklapp term relevant for K < 1/2 with a gap: A ~ a™!(g,) =%

Bosonize N, and Ny . For g, < 0 fixed points at ¢ =0, /7/2

X,y

Jgu<0 | gu>0 N
N, = DRI sin(vV4mo) 0 +1
2ma
N, = DRI cos(V4me) +1 0
2ma

I AR A
J fo

For g, <0, N, is the (Ising-like) ordered quantity at T =0
Due to thermal fluctuations TRS is restored for T > 0

For 0 <7 < A mass order parameter N, is disordered + TR is preserved with a gap



1. Two-Dimensional Topological Insulators

C. Physical properties of the helical edge states
2. Interactions and quenched disorder

» Total Hamiltonian Umklapp term
B vl ) 5 gu(cos V167 ) ./
H - / dr 5| 72(0:0)" + K(0,6)" | 4| 500

» Two-particle backscattering due to quenched disorder
Hgis = /d:l: QQ(I;:;C)L COS {\/ﬂ(gb(x, T) + ()

« The “replica trick” in disordered systems shows disorder relevant for K < 3/8

* N, and N, show glassy behavior at T = 0 with TRS breaking; TRS again restored
atT>0

« Where would all these interactions come from? locally doped regions? Band
bending?

» But edge states are immune to electrostatic potential scattering

» Potential inhomogeneities can trap bulk electrons which may then interact with
the edge electrons i, i,

<® = > & @@"

o

Gaussian random variables

T@@ o & O




1. Two-Dimensional Topological Insulators

C. Physical properties of the helical edge states
2. Interactions and quenched disorder
Static magnetic impurity breaks local TRS and opens a gap
Quantum impurity =» Kondo G/(e/h)
effect:H = Hy + Hx + H,

VF 1
Hy=E da;{—é’mgb2+K8$92} .
T K( ) (0:0) \ K>1/4 .-~

Ho— Gu(cos v 167o)

2(ma)?

Hy = /dx o(x) {%(U@D}L#DL + U+¢2¢R>

J| : J,
Hyg = ﬂ(a_: e~ V0. 4 h.c.) — —aazaxe(()) T

- 2né VT | ’
 Doing the “standard” RG procedure we & //

get flow equations

a7, dJ
=(1-K+2 z — 9. J2 A
dog(Lja) ~ LT EF2 ey = <

(K-1)/2



1. Two-Dimensional Topological Insulators

C. Physical properties of the helical edge states
2. Interactions and quenched disorder

 Static magnetic impurity breaks local TRS and opens a gap
e Quantum impurity =» Kondo

effect
1.

2.

At high temperature (T)
conductance (G) is log
For weak Coulomb
Interaction (K > 1/4)
conductance back to
2e?/h. At intermediate T
the G ~ T2(4K-1) due to
Umklapp term

G/(e*/h)

T 2(4K—1)
TK
\
\
\\ K > 1/4 /,",
\‘ /’/ /,
\ // //
\ e ’
\ ’ /7




1. Two-Dimensional Topological Insulators

C. Physical properties of the helical edge states
2. Interactions and quenched disorder

 Static magnetic impurity breaks local TRS and opens a gap
e Quantum impurity =» Kondo

effect
1.

2.

At high temperature (T)
conductance (G) is log
For weak Coulomb
Interaction (K > 1/4)
conductance back to
2e?/h. At intermediate T
the G ~ T2(4K-1) due to
Umklapp term

~

G/(e*/h)

7\ 2UE-1)
)
Tk

T2(1/4K»Ef1)

K>1/4 -7~

. / D
/ N2—77—7111(T>
K <1/4

For strong Coulomb interaction (K < 1/4)
G =0at T =0 due to Umklapp. At
intermediate T the G ~ T2/4K-1) duye to

tunneling of e/2 charge 1

-

mi, Ap < 0
mo, Ao >0

P




1. Two-Dimensional Topological Insulators

C. Physical properties of the helical edge states
3. Helical edge states and the holographic principle

» The physical description of edge state protection works only for single pair of
edge states

« With (say) two forward-movers and two backward-movers backscattering is
possible without spin flip

 In other words, TRS perturbations can destroy edge states in pairs

* Robust or non-dissipative edge transport requires odd number of edge states

e Fermion doubling theorem




1. Two-Dimensional Topological Insulators

C. Physical properties of the helical edge states
4. Transport theory of the helical edge states

» Using Landauer-Bittiker formalism for an n-
terminal device

S| o

—2

_0 O O =

I 0
-2 1

2 mn

I = hZTﬂV T3;V;)

» For the helical edge channels we expect
T(QSH)it1,; = T(QSH); 41 =1
» For a 2-point transport measurement between terminals 1 and 4

0 0 1 \ (,ul \
0 0 0 s
1 0 0 M3
—2 1 0 0
1 -2 1 e
0 1 —2) ,u6)
1

(—6) (:ul :u4)
1 31140

e L)
(—e) < 2e )

I

1

I

EREA

3

6 |[———>

M5

\8) \m/

(=




1. Two-Dimensional Topological Insulators

C. Physical properties of the helical edge states
4. Transport theory of the helical edge states
4 o,=+e?/h

 If the transport is dissipationless where is the .
resistance coming from? 5 v 0,=-e?/h,

« In QSHE don’t we have spin currents of e2/h + &
e?/h = 2e?/h and charge currents of e?/h — e?/h =

0?
« Answer 1: dissipation comes from the contacts. Note that transport is

dissipationless only inside the HgTe QW
« Answer 2: We do measure charge conductance! The existence of helical edge

channels is inferred from charge transport measurements

1 T




1. Two-Dimensional Topological Insulators

D. Topological excitations
1. Fractional charge on the edge

» Quantized charge at the edge of domain wall

o Jackiw-Rebbi (1976)

O Su-Schrieffer-Heeger (1979)
» Helical liquid has half DOF as normal liquid =» e/2 charge at domain walls
» Mass term o Pauli matrices =» external TRS breaking field
» Mass term to leading order

Hy = /dZU VAl Z ma(gj,t)o'a\lf = /dI@TZtaiBi<$at>ga‘I} V= ( ZJ_F )

a=1,2,3
e Current due to the mass field

, 1 1 U o
Ju = o WE“ € 5ma8,,m5, a,=1,2

e For m; =m cos(¢), m, =msin(d),and my; =0
p = %8559(:6,15), J = —%&56’(33,15)
« Topological response =» net charge Q in a region [X,X,] at time t = difference in
A(x,t) at the boundaries ¢ — 2i 02, 1) — O(z1, 1)
T

* Charge pumped in the time interval [t;, t,] AQump|?? = % 0(ts) — 0(t1)]



1. Two-Dimensional Topological Insulators

D. Topological excitations A
1. Fractional charge on the edge L V=e/C
» Two magnetic islands trap the electrons
between them like a quantum wire
between potential barriers
« Conductance oscillations can be
observed as in usual Coulomb blockade
measurements
» Background charge in the confined
region Q (total charge) = Q. (nuclei, etc.)
+ Q, (lowest subband)
Flip relative magnetization =» pump e/2

charge
B
Gpeak
CEIQIJT | |
B Z/L
=

» Continuous shift of peaks with 6(B)
o z

i

L,
es

* AC magnetic field
drives current
I=ew/2m




1. Two-Dimensional Topological Insulators

D. Topological excitations 4 o, =+e?/h
2. Spin-charge separation in the bulk / é 4 o,=-¢e2/h
Simplified analysis: M
0 Assume S, is preserved
0 QSHE as two copies of QHE
e Thread ax (unitsof A=c=e=1) flux ¢ /Jdblf

 TRS preserved at ¢ =0 and «r; also, n = -« 7T
 Four possible paths for ¢, and ¢,:

2
. 6 A
« Current density from E: J; = 72 x By

9 * Net charge flow:
t
(9] g / dt/dn e o [ufa
A Q=e
e? he e
= dt —— =
hc 875 he2e 2
1 ’t Spin up
___________ ¢T=¢l [ e 0o 0o © ©o0 o o Spin down
A S,=-1/2 A §,=1/2 | o® 0o ®© o0 0 o

AQ =AQy + AQ| = —
AS. = AQ; — AQ| =0



1. Two-Dimensional Topological Insulators

D. Topological excitations 4 o, =+e?/h
2. Spin-charge separation in the bulk / é 4 o,=-¢e2/h
Simplified analysis: M
0 Assume S, is preserved
0 QSHE as two copies of QHE
e Thread ax (unitsof A=c=e=1) flux ¢ /Jdblf

 TRS preserved at ¢ =0 and «r; also, n = -« 7T
 Four possible paths for ¢, and ¢,:

2
. 6 A
« Current density from E: J; = 72 x By

9 * Net charge flow:
t
(9] g / dt/dn e o [ufa
A Q=e
e? hc e
= dt —— =
hc 875 he2e 2
1 Spin up
___________ ¢T=¢l (e @ .‘/.ﬁ.\. e o Spin down
A S,=1/2 A §,=1/2 | o @ @ oiio e o o
I

AQ =AQy + AQ| = —
AS. = AQ; — AQ| =0



1. Two-Dimensional Topological Insulators
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E. Quantum anomalous Hall insulator
* The trio is finally complete!

Hall
(1879)

Quantum Hall
(1980)

Spin Hall
(2004)

Quantum spin Hall
(2007)

Anomalous Hall

(1881)

Quantum anomalous Hall
(2013)

Quantum Hall

Quantum spin Hall

Quantum anomalous Hall

Ordinary Hall Effect
with external magnetic
field (H)

Pure Spin Hall Effect

Anomalous Hall Effect
with magnetization (M)

Hall voltage but no spin
accumulation

Spin accumulation but no
Hall voltage

Hall voltage and spin
accumulation




1. Two-Dimensional Topological Insulators

E. Quantum anomalous Hall insulator

e Quantum Anomalous Hall Effect (QAHE) described by upper 2x2 block of the
QSHE, i.e. 2-band model with explicit TRS breaking
h(k) = e(k)lax2 + do(k)o*
« The quantized Hall conductance is determined by

od od
oH = h4w/dk’/dkd< 8k>

* With TRS breaking charge Hall conductance of counter propagating states do
not cancel perfectly
» For system doped with magnetic impurities, splitting term added:
Gg 0 0 0
0 Gy 0 0
0 0 —-Gg 0
0 0 0 -Gy
« Upper and lower blocks have masses M + (G — G,)/2 and M + (Gg + G,,)/2
« QAHE isgiven by GG, <0
* Mn-doped HgTe QWs or Cr- or Fe-doped Bi,Se, and Bi,Te, thin films satisfy
above condition for different physical reasons
* In HgTe the 2 bands have opposite signed exchange coupling, i.e. s-d and p-d
* In Bi,Se; and Bi,Te, sign of the spin different in the two blocks

H, =
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F. Experimental Results

1. Quantum well growth and the band inversion transition

HgTe width (dgy) In the range from 4.5 nm to 12.0 nm
were grown with phase transition at 6.3 nm

Ranges: V,>-1.0 V (n-doped), -1.9V <V, <-1.4V
(insulating), and V, < -2.0 V (p-doped)

Hall resistance R,, for L = 600 um and W = 200 xm

A A' | | I ' ‘ I/f ' 1 L. | 1 IB i
e | T
% e _ " _
A g | |

_

| Metal (Au) |
Insulator (Si,N,/SiO,)

Hg,.Cd,.Te, 10 nm

HgTe well, d,,

Hg,.Cd,.Te, 10 nm

Hg,,Cd,,Te: 1, 9 nm
Hg,,Cd,Te

CdTe buffer

CdZnTe (001)
substrate

8 00 -05 -1,0 1,5 -2,0

—/)
—

B (T) Vg (V)
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F. Experimental Results
1. Quantum well growth and the band inversion transition
(A)

» For normal ordering of bands the
Landau levels will get further apart K
as B increases Ll

* For inverted bandstructures

Landau levels will cross at a B
certain B (©)

 Only inverted bandstructures will k casei, o, =0 J
reeneter the quantum Hall states

when B field increases
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F. Experimental Results

2. Longitudinal conductance in the guantum spin Hall state

* For dgy < 6.3 nm resistance is in the
MQ, i.e. insulating

For dq,y > 6.3 nm resistance is 100 kQ <
e 100 kQ > h/2e? (12.8 kQ) -
» The extra resistance may come from
Inelastic scattering
» Estimate inelastic mean free path ~ 1
lm
o Experiments on device with L =1 um
 4-point measurements give R,, = h/2e?
as expected
« Changing width between W =1 um g
and 0.5 um gives same result =» there o«
IS no parasitic bulk conduction

10

10° L

G=0.005€’h

(<0 1 A WO
107 G=0.25¢e7h
10*E
10°F .

102 1 1 1 B

-2,0 -1,5 -1,0 -0,5 0,0

VIV
g
16 T T
14r o e R=h/(2¢?) |
o M

8|

0}

4

o= Tumx1pm, 18K

Ll —— 1ugm x 0.5 pm, 1.8 K

0

F——1um x 1 um, 4.2K
" 1 "

-1

0 1 I 2
(V-V )IV

g th
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F. Experimental Results
3. Magnetoconductance in the quantum spin Hall state

. . . 0,14
» There is a large anisotropy in

magnetoconductance for magnetic
fields pointing in-plane or
perpendicular to the plane

0,12
0,10

0,08

G (%)

0,06

0,04

0,02f — -

0,00 s 1 s 1 s 1 s
-0,10 -0,05 0,00 0,05 0,10
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F. Experimental Results
4. Nonlocal conductance

» Using the Landauer-Buttiker formulas we can compute resistance among

different terminals
» This type of “nonlocal” conductance was measured and found to match with
theory
» This was unambiguous proof that these are helical edge states
@ (b
25_ T - T - T - T - T N ——7—— T T I I — I I
_ s | 35l Ryq=3f2be2 0
O . 30'_ 1l R13’13=4/3h/e2_'
12 [ l:1-4 [ 1
* 10} ¢ | .
.................. R Wl M Rueene]]
5 |
0-.

2.0




1. Three-Dimensional Topological Insulators

« Simple model Hamiltonian for Bi,Se,, Bi,Te;, Sh,Te, a natural extension of HgTe

« SOC drives band inversion at the I" point

 Full bulk gap with 2D massless “helical”” and “holographic” Dirac surface
spectrum

» TR breaking perturbation opens a gap in the surface spectrum =» Topological
Magnetoelectric Effect

A. Effective model of the three-dimensional topological Insulator

site
site
site
y
A
X

a

f
i

* Rhombohedral crystal structure
with space group: p3, (R3m)

« Each “quintuple layer” consists of S Z/.
five atoms per unit cell .

4re
nw>
— o~

Quintuple —>

« Each quintuple layer is ~1 nm ‘) m layer
thick ° C Sel’
 The primitive lattice vectors are | lf " e ® @ s

B @ @ Bi1

t, 0, i3

« Under inversion the primed atoms
transform into the unprimed
atoms

Se2

Cc—&—%

@ Sel Set
¢ Se2 B ¢ e ©

C « . Sel
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A. Effective model of the three-dimensional topological insulator

Consider the example Bi (6s26p®) and Se Py P
(4s4p%) i o, -
Recombine the orbitals in a single unit f N Pl Pl
cell according to their parity . o o

In step | we have 3 states (2 odd, 1 even) ... i
from each Se p-orbital and 2 states (1 - s po; P PT,
odd, 1 even) from each Bi p-orbital

In step 11 crsytal field splits p, into p, and 2, - e P
Py ] R
In step 111 we turn on the L.S spin-orbit "

.. (1) - D D
splitting term /_(

P1,*) and |P2,") as a function of spin- ybridized states |
orbit strength A .
MBi/Se) = xhy(Bi/Se) with Ao(Bi) = 1.25

EeV)

P2-
z

eV and A,(Se) = 0.22 eV
Phase transition occurs before the real
values of spin-orbit strength

-0.3F

Band inversion of opposite parity states o 02 os Xcé-e 08
at odd TRIM =>» topologically nontrivial
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A. Effective model of the three-dimensional topological insulator

« Similar to HgTe we can define a model P P L
Hamiltonian respecting symmetries Moy P, I
T =10'K @ Iyyo, I =I5yo ® 13, C3 = exp (igaz & Hg><j/< P!, o
» The 4 closest states can be chosen as our s i _
basis D= T N — e B B s -
’P2z_7 T> . P2, pP2; P11, PTL,
P11, 1)
P2, 1) 2, - Pt Py
e The model Hamiltonian in the above ) P2 P2
basis can be written as ()PO‘”(D "
M) Ak, 0 Aok _
Ak, —M(K)  Agk_ 0 Parameters determined
H (k) = €o(k)Lsxs + 0 Ak, M(k) —Ak | S by comparison to ab
Aok, 0 — Ak, —M(K) Initio calculations

ki =k, ik, eo(K) = C + Dik? + Dok?, M(k) = M — Bik* — Bok?

« Hamiltonian is like a 3D anisotropic Dirac model but with k-dependent mass
 Extra cubic terms =» reduce rotational symmetry about z-axis from SO(2) to C,
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B. Surface states with a single Dirac cone
Similar to the HgTe case split the Hamiltonian into portions with and without k,
since we break translational symmetry along the z-axis

M(k,) Ak, 0 0

- Ak, —-M(k) 0 0 . )

H = ~ kz — C D k

0o =€(k,) + 0 0 (k) Ak | EE ) + D1k
0 0 — Ak, —M(k,) M(k,) = M — Bk?

—Byk? 0 0 Ask_

- 2

i = Dok + 0 Bok?  Agk_ 0

0 Aok, —Bk2 0 !
Aok 0 0  Bok?
The form of the first Hamiltonian is similar to the one in QSHE
Surface state at k, =k, = 0 Is determined by the same equation as the QSHE
Surface state exists for M/B; > 0. In the examples below B,B, > 0, A;A, >0
Note: surface helicity is determined by sign of A,/B,; here spins have more
than 2 polarization states
Once again projection of bulk Hamiltonian on to surface states we get
Howt(kyy ky) = C+ Ag (0%ky, — 0¥ky)
For A,=4.1eV,ve =A,/h =6.2 x 10° m/s vs. ab initio result of vp =5 x 10° m/s
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C. Crossover from three dimensions to two dimensions
» The models describing 2D and 3D topological insulators are quite similar
e Butis athin 3D film a trivial or nontrivial insulator?
e Consider a 3D TI with finite thickness d in the z-direction

* Fork, =k, =0 we have M(k) Ak, 0 0
- Ak, —-M(k) 0 0
Hy = -
0 6(kZ) —|— 0 O M(kz) _141]€Z )
0 0 — Ak, —M(k.)

« For A; = 0 the Hamiltonian is diagonal and we can compute the eigenstates as

\En>—\/§sm(”§z+”§) P21 (1) |Hn>—@sm(”§z + ) 1P22. T (1)

n7r

Ee(n):C+M+(D1—Bl)(n—7T)2 Ey(n)=C — M+ (D, + By) (—

: \\\

* For M <0 and a small enough d the subbands are (a)

normally ordered 0.5}

e Asd increases there must be an electron-hole
subband crossing at some d = d,

e For A; = 0 the subband energies as a function of
distance look similar to the HgTe QW

Note: multiple crossings d (nm)
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C. Crossover from three dimensions to two dimensions

* Fork, =k, =0we have M(k) Ak, 0 0
- Ak, —-M(k) 0 0
Ho = &(k:) + 0 0 M(k) -Aik |’
0 0 —Ayk, —M(k.)
« For A, = 0 the subband energies as a function of  (a)
distance look similar to the HgTe QW 031
Note: multiple crossings \\;
e For A; # 0 the subbands on the right (for A; =0) =
hybridize -
« Hybridization gives special states |S;*), which is 0.5

superposition of |E,, ;) and |H,,) (forn=1, 2, ...), ,
and |S,7) (superposition of |H,, ;) and |E,.))
» Crossing is permitted only with the next closest 05|
subband and they intersect multiple times
 Thin film oscillates between trivial and nontrivial %
with transition points given by (A; — 0) w |
dep, = N B osf

| M|
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C. Crossover from three dimensions to two dimensions
« Forkc=k,=0 / M(k.) Ak, 0 0 R
- Ak, —M(k,) 0O 0 >
Ho = &(k=) + 0 0 M(k,) —Aik. |7 w
0 0 _Alkz _M(kz)
« Hybridization gives special states |S,;*), which is

superposition of |E,, ;) and |H,,) (forn=1, 2, ...),

and |S,7) (superposition of |H,, ;) and |E,.))
« Multiple crossings give relative parity oscillations

e |S;") and |S,”) are localized at the opposite surfaces

3

g
with thickness S o0l

3
of the 3D TI slab: oscillations in wave function =

aISO go aS - 7.[(B:I./ll\/ll)l/2 Y é .?hlcéknesss I(OQull'%lléll;eflf : 20

« Dependence of critical Op——" 4.
thickness on A, is shown in the '
figure to the right

e Asd— oo, |S;*) and |S,)
decouple and become surface

»

ﬂ

state of the 3D TI 1
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C. Crossover from three dimensions to two dimensions

 Relation between electron and hole subbands in the d — oo limit suggests another
way to describe 3D to 2D crossover
» The surface is described by
0 k. 0 0
—iky 00 0
0 0 0 —ik_
0 0 ik, O
» The upper and lower block diagonal elements correspond to the two surfaces
 For slabs of finite thickness a coupling term M,(k) can be added
0 ik My O
—iky 0 0 My
Myp 0 0 —ik_
0 My iky 0
« Changes in sign of M, tell if phase is trivial or not. M, oscillates with d since
the surface wave functions oscillate
 In other words, both top-down and bottom-up approaches agree
 In real materials, like Bi,Se,; we can expect the nontrivial phase to first occur at a
thickness of ~ 3 nm or three quintuple layers

Hsurf<k:c7 ky) — A2

Hsurf<km7 ky) — AQ
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D. Electromagnetic properties
1. Half quantum Hall effect on the surface
e The only momentum independent term one can add is g, = Zmaa“
» The perturbed Hamiltonian has the spectrum a
Ex = i\/(Agky +mg)’ + (Agky —my)° + m2
« Only parameter m, can open a gap and destabilize the surface states
e The term m,o? breaks TRS; but (say) with 2 identical Dirac cones, with
Imaginary coupling, we have gapped system with TRS

o ( Ay (0%ky — 0¥ky) —imo” )
surf imo* Ay (0%ky — 0Yk,)
 But with term m,c? the surface will be
Howe(k) = Aso"ky, — Aso?k, + m,o” Ask,
» With the generic two-band model we consider the winding of: d(k) = ( —Agk, )
* A*meron” configuration d(k) covers half the unit sphere m,

« With winding number £1/2 we have Hall conductance (valid for m, — 0)
m, e’

~ Jm.| 20

 Parity anomaly in high energy physics

« Above analyis only applies in continuum, i.e. |m,|/A, < 2r/a

e Unlike QAHE, where M — 0, Hall conductance = 0 or 1 instead of +1/2

OH
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D. Electromagnetic properties
1. Half quantum Hall effect on the surface
» Deviations from the Dirac effective model at large momenta =» corrections to
the Hall conductance

Aoy =og(m, — 07) —og(m, — 07)

m, e’

im.| h
Is independent of large momentum contributions

« The effect of the mass term m,o? on the large-momentum sector of the theory is
negligible for m, — 0

 Contributions to c,, from large momenta =¥» continuous functions of m;
therefore A o, should not be affected

e TR transforms the system with mass m, to that with mass -m,

og(m, — 07) = —og(m. — 07)

* Note: unlike QAHE upper and lower 2 x 2 blocks are not TR conjugate

» Disorder: Nomura, Koshino, and Ryu showed that the surface state is metallic
even for an arbitrary impurity strength

* TR breaking disorder =» unitary class

» For infinitesimal TR breaking o,, = 0 and o, = t€2/2h

« Exchange interaction with impurity given by #,,, = Z J;S; - viay(Ry)
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D. Electromagnetic properties
1. Half quantum Hall effect on the surface

 Inausual Fermi liquid, if the surface state has a finite kg, an RKKY interaction
between the impurity spins is introduced
« The sign of RKKY oscillates with wave length o« 1/2k.
e For kr — 0 the sign of the RKKY interaction does not oscillate but is uniform
» The resulting uniform spin-spin interaction (ferromagnetic) is determined by the
coupling to the surface electrons
» A uniform spin polarization can maximize the gap opened on the surface =
energetically favorable
» Therefore, the system can order ferromagnetically when the chemical potential
IS near the Dirac point
» This mechanism provides a way to generate a surface TR symmetry breaking
field by
o Coating the surface with magnetic impurities
o Tuning the chemical potential near the Dirac point



1. Three-Dimensional Topological Insulators

D. Electromagnetic properties
2. Topological magnetoelectric effect

» Unlike QHE in the pure 2D system surface quantum Hall cannot be measured
using DC transport for the reasons:
o Surface of a 3D Tl is a closed manifold (i.e. no edges)
o If TRS is broken only on a partial patch of the surface chiral states on the
domain wall give o, = €%/h and not e?/2h

» The TRS broken patch (right) is like @
the boundary between n and n+1 level
QHE T1T1FVMT 1
Tl

* Anew probe is needed =>» Topologi20al Magnetoelectric Effect (TME)

m e m e (b) E M
j=——nxE M,=———EFE A |
V= 2™ ' T m| 2he G,
» The complete EM response of the system is described by L

the modified constituent equations (P; = £1/2) *;/
H=B —47M + 2P;a0E D=E+47P — 2P;aB =
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D. Electromagnetic properties
3. Image magnetic monopole effect
» Direct consequences of the TME effect is the image magnetic monopole effect

G =q = 1 (e — )1/ +1/po) — 4Q2P§q o ‘] y
T a(a+e)(l/m + ) + 402 P3 200D '
404P3 ” N

= — = — q
N T T e @)U+ ) + 402F3

!
/
/
7

* Interesting phenomena appear when we consider _ 25 {/ L DOAC _—
the dynamics of the external charge % /5/ / \\“\\\

« For 2DEG at a distance d above the surface of the N
3D Tl and if the motion of the 2DEG electrons is S .

&5

slow enough compared to 4/m the image
monopoles will follow the electrons adiabatically

» The electron forms an electron-monopole
composite, i.e. a “dyon”

* When 2 electrons wind around each other, each
electron perceives the magnetic flux of the image
monopole attached to the other electron
0 — 919 _ 20° Py

2he  (e1 +€2)(1 /1 + 1/ p2) + 42 P
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D. Electromagnetic properties B
4. Topological Kerr and Faraday rotation /

» Another TME effect is through the transmission ﬁ :
and reflection of polarized light Df

» Standard Faraday effect requires an external B
field

* For TME we Faraday rotation occurs due to
unusual boundary conditions at the interface of =
the T1 and ferromagnetic insulator (FMI) %;Piemm

* The rotation angles for the Kerr and Faraday T T T
effect are T] A1

da P
i) — P/l

€2/ 2 — €1/ 1 + 402 Py

tan(é’F) 2&P3 |
/it el o—o Ein E, == 0y
* Problems: | vacuum 0. =0 Ei
0 dependence on material parameters M oenn, o z=0
0 Detection obscured by standard EM response  substrate =
* New scheme: combine Faraday and Kerr £y 1ty Ooubs =2
cot(0F) + cot(fk)

= 2aP:
1 4 cot?(0r) s Et == 05
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D. Electromagnetic properties
5. Related Effects
» The magnetic monopole carries a charge, i.e. monopole with unit flux carries e/2

charge
0 g
= ec— —
! 2T ¢

» There is a charge pumping effect when monopole motion =» couples to electric
charge

* When electron-electron interaction is considered interesting new effects can occur

« We can get a so-called axion from fluctuations of P, due coupling between spin-
waves and the electromagnetic field

 Polariton can be formed by the hybridization of the spin-wave and photon

« The polariton gap is controlled by the magnetic field, which may realize a tunable
optical modulator

 Inter-surface exciton condensate can be formed

» Charge current on the surface can flip the magnetic moment of the magnetic layer

 |In other words, charge density is coupled to magnetic textures such as domain
walls and vortices

» Potential applications in spintronics



1. Three-Dimensional Topological Insulators

E. Experimental results
1. Material growth

» Cava group (Princeton): Bulk materials were first grown for experiments on
topological insulators (Bi,_,Sh,, Bi,Se;, Bi,Te,, and Sh,Te,)

 Fisher group (Stanford): Bi, Te,

 Cui group (Stanford): Bi,Se; nanoribbons

« Xue group (Tsinghua): MBE grown thin films of Bi,Se,, Bi, Te,

* Due to layered structure thin films can also be obtained by exfoliation from bulk
samples

 Stoichiometric compounds relatively easy to grow

 Due to intrinsic doping from vacancy and anti-site defects Bi,Se,, Bi, Te,, are n-
type and Sb,Te, are p-type in the bulk

« Controlled doping of Bi,Se, with Sb and Ca and Bi,Te; with Sn gives control
over the chemical potential

» Cu doping causes Bi,Se, to become superconducting (nontrivial?)

* Fe and Mn dopants may yield ferromagnetism



1. Three-Dimensional Topological Insulators

E. Experimental results
2. ARPES

 Unlike Bi,,Sh, second generation TIs
have only one Dirac cone

» Spin-resolved ARPES can show spin
polarization of surface states

» However, “hexagonal warping” effects
appear in the data away from the Dirac
point

H(k) = Ey(k) + v (ky0¥ — k,o") + %(ki + k3)o*

v = v(1 + ak?)
Eo(k) =k*/(2m")

* ARPES spectra are shown for several
thicknesses of a Bi,Se; thin film, which

show the evolution of the surface
states.

Spin polarization

-0.2 -0.1 0.0 0.1 02 03
k, (A-)

Binding Energy (eV)




1. Three-Dimensional Topological Insulators

E. Experimental results

3. STM
» Good agreement is found between the e I NV
integrated density of states from " i "2
ARPES and STM g 600r 3
« STM also shows protection against & S :
backscattering g a0\ TS
e 300r -04-02 0 0.2 04
(a) FT-STS at &; (b) ssPatg sl § ok -l
-400 —3:DG -260 —11:2}0 0 100 200
E-Eg; (meV)
20
E 1.6
F
_z 12
E’ 0.8
2
= 04
0

-400 -300 -200 -100 0 100 200
bias voltage (mV)




1. Three-Dimensional Topological Insulators

E. Experimental results
3. STM

» Good agreement is found between the
Integrated density of states from
ARPES and STM

e STM also shows protection against
backscattering

e Like graphene surface @

;Jp—v:l . 2345678%0
states would have a 4W

relativistic (Dirac-like)
Landau level spectrum W
« \We can also observe o gt '
Landau levels ina
magnetic field

(b)

(o)]

di/dV (a.u.)
Tunneling conductance (nS)
S

N

|r l \\’-\’
W I
i Fermi level =,

0
. ) ' . . : -400 -300 -200 -100 O 100
-300 -250 -200 -150 -100 -50 0 50 .
Sample Bias (mV) Sample bias (mV)




1. Three-Dimensional Topologlcal Insulators

E. Experimental results :
2. Transport sl

» The fact that cyclotron resonance
frequency only scales with
perpendicular magnetic field shows 2D
nature of surface states

* One way to reduce bulk doping is
using thin films obtained by
mechanically exfoliation or epitaxial _
growth 5

* An important advantage of a sample of
mesoscopic size is the possibility of
tuning the carrier density by an
external gate voltage

» Magnetoresistance of a nanoribbon
exhibits a primary hc/e oscillation, 5
which corresponds to Aharonov-Bohm m
oscillations of the surface state around o i MM
the surface of the nanoribbon D e T

e
=

=
s

=
[+

20

M
5] 52 7 5 P P PSR |
_Tra1‘snln:“ask}1‘- (a.u)

0 10 20 30

Magnetic Fisld (T)

Resonant Fiel (1)

R(Q)

h/2e

FFT of dR/dB
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1. Three-Dimensional Topoloaical Insulators

E. Experimental results Vg i¥)
-100 -80 -60 -40 -20 0 20
2. Transport

» The fact that cyclotron resonance 390 : I—
frequency only scales with ;
perpendicular magnetic field shows 2D g
nature of surface states v 2K

* One way to reduce bulk doping is
using thin films obtained by
mechanically exfoliation or epitaxial 1r
growth

* An important advantage of a sample of
mesoscopic size is the possibility of
tuning the carrier density by an
external gate voltage

» Magnetoresistance of a nanoribbon
exhibits a primary hc/e oscillation,
which corresponds to Aharonov-Bohm . ¥
oscillations of the surface state around 2001 55\ N\
the surface of the nanoribbon

-300



1. Three-Dimensional Topological Insulators

F. Other topological insulator materials

» Topological materials HgTe, Bi,Se,, Bi, Te;, and Sb,Te, provided us with a
prototype material for 2D and 3D Tls
e Other 3D Tls: tetradymite semiconductors like Thallium-based 111-V-VI,
ternary chalcogenides
 Strained bulk HgTe is a topological insulator; distortion along [111] opens a gap
between LH and HH bands
« Asimilar band structure also exists in ternary Heusler compounds; fifty of them
are found to exhibit band inversion; other interesting properties
O Superconductivity
o Magnetism
Heavy-fermion behavior
* QSHE has been proposed in Na,IrO,
» Topolgical Mott insulator phases have been proposed in Ir-based pyrochlore
oxides Ln,lIr,0, with Ln = Nd, Pr
« SmB, was recently verified as a Kondo topological insulator



V. General Theory of Topological Insulators
A. Topological field theory

 Interested in long-wavelength and low-energy properties of a condensed matter
system

 In this limit details of the microscopic Hamiltonian are not important

» Broken symmetry states =» order parameter, symmetry and dimensionality

» SPT states =» coefficient of the topological term identified as the topological
order parameter

» Topological Field Theory
(TFT) can be developed for
topological insulators

» Unlike Topological Band
Theory (TBT), TFT can § :
accommodate interactions and y 7o
disorder $

Magnetic impurity

Unoccupied surface state Unoccupied surface state

-
>

* Inthe limit of no interactions
and disorder TFT reduces to
TBT

Occupied surface state Occupied surface state



V. General Theory of Topological Insulators

A. Topological field theory
1. Chern-Simons insulator in 2+1 dimensions
o TFT for the QH system in 2+1 D

C vT
Sog = 4—;/d2x/dte“ A, 0,A; T
o TFT for the QH system in 2+1 D

d’k v -1 —1 —1
Cr=3 / e I [°GO,G GO, GG

where G(k,w) Is imaginary-time single-particle Green's function u, v, p =0, 1,
2=1, XY

» For an interacting system we can have a map from k-space to space of
nonsingular Green functions in the group GL(n, C€); 3" homotopy group labeled
by an integer 73(GL(n,C)) 2 Z

« The winding number for this homotopy class is exactly measured by C,, where
N > 3 is the number of bands .

* For G — G, integral over w gives C; = 5 /dkx/dky foy(k) € Z

_ Oay(k)  day(k)

fo (k) = Ok, ok,

(k) = =i Y (akl ook i = .y,

ac occ




V. General Theory of Topological Insulators

A. Topological field theory
1. Chern-Simons insulator in 2+1 dimensions

e Under TR, since A, — A, and A — —A, Chern-
Simons theory breaks TRS in 2+1 D

eff——/d2 /dte“’”A 0, A

» Taking a functional derivative with respective to
A, We get:

ju= Chemga,
« Splitting into temporal component we get charge accumulated:
= Ciaig, - Cip
271 27

« Charge accumulated due to magnetic field; i.e. magnetic flux pumps charge
» The spatial component of the space-time current gives

G,
i = el E,
J 27rE

» Electric field gives transverse current with o,, = (C,/2x) e?/h
At least in the non-interacting case it’s easy to see that C, = 2zn since the Berry

phase Is quantized

* This is the usual quantum Hall response, i.e. o,, = ne?/h (with n € 7Z)




V. General Theory of Topological Insulators
A. Topological field theory -

2. Chern-Simons insulator in 4+1 dimensions
» Advantage of TFT of QHE =>» Generalization to all odd space-time
dimensions

& vpor
Set = 555 / d*x dt 77T A,0,A,0,A;
« The action is explicitly invariant under TR 1 p

e C, iswritten in terms of full Green’s functions
2 )
=" (;ZW’;TI [ (Ga,G7Y) (G0,G7Y) (Go,6Y) (Go,GY) (Go,G)]
 This labels the homotopy group =5(GL(n,C)) = Z
 For a non-interacting system, C, can be obtained by explicit integration over o to
give a Berry-like integration in k-space for i, j, k, £=1,2, 3,4
1 .. o 0% a . o
= d*k €77t [ f; fur] 57 = 005" = 054 +Z laz, aj]™”
a;’ (k) = —i{a, k| =~ 18,k)

» The physical response of 4+1 D Chern-Simons msulators IS given by

= 202 P77 0, A0y A
2

which Is the nonlinear response to the external field A,




V. General Theory of Topological Insulators
A. Topological field theory

2. Chern-Simons insulator in 4+1 dimensions

» Advantage of TFT of QHE =>» Generalization to all odd space-time

dimensions

_ 02 4 UvpoT

Sett = 5 / dz dt 7T A,0,A,0, A, . 5
» The physical response of 4+1 D Chern-Simons insulators is given by

= 202 €770, A,0,Ar

o

which Is the nonlinear response to the external field A,
» To understand this response better, consider a special field configuration

A, =0, A,=B.xz, A,=—-Et, A, =A =0
* Non-zero components = F, =B, and F, = -E,

C
ju=—5B.E.
A2

 Integrating in the x, y dimensions we get

C! (59N,
/d:vdij = 4—71_22 (/ dxdyBZ) E. = 227T ‘E,




V. General Theory of Topological Insulators
A. Topological field theory

3. Dimensional reduction to the three-dimensional Z, topologlcal insulator
3D and 2D TlIs can be obtained by dimensional /

reduction on the 4D QHE
Only consider A, = A(Xg, Xy, X5, X3) a |
Consider a geometry where x, forms a small circle ,
For fixed k, we obtain an effective TFT in 3+1 D ’

Q vpT
Sp = 592 Pxdt0(z, )"’ F,, F,(x,t)

The flux due to A,(x, t, X,) through the compact extra dimension is
O(x,t) = Cop(x,t) = CQ%CZCIM Ay(x,t,zy)

TRS constrains the value of the flux to two values: 0 and & (for C, = 1)
Using a model 3D Hamiltonian (general interacting) is more practical; need to
define an order parameter

p=_ = / du / Ik T {er [(GO,G7Y) (Ga,G7Y) (Go,GY) (Go,G7Y) (Ga.G )]}

Where Gk,u=0)= G(ko, K, u=0) = G(k,, k) is the imaginary-time single-
particle Green's function of the fully interacting many-body system; u =1 is
topologically trivial



V. General Theory of Topological Insulators

A. Topological field theory
3. Dimensional reduction to the three-dimensional Z, topological insulator
. Topological order parameter

P= =5 [ [ ST e [(G0,67) (60,67 (60,67 (60,67 (GG}

. The following |dent|ty IS essentlal for the definition of P,
G(ko, —k) = TG(ko, k)T
 Unlike the Chern-Simons insulator P, is not strictly quantized; it can vary
continuously between 1/2 and 0 when TRS is broken

» For a non-interacting system, integrating out w, we get the elegant formula
1 2

T d?’keiﬂfTr{ [ fii(k) — giai(k)aj(k)} ak(k)}
 For the model of 2" generation 3D Tls the above formula can be evaluated
explicitly as Py, = 6/2r = 1/2
e The #-term for 3D Tl vs. 2+1 D QH
o @-term dominates Maxwell term at low energies in 2+1 D by dimensional
analysis
* In 3D TI #- and Maxwell terms have same scaling dimension
* The full set of mOdIerd Maxwell's equations + 4-term: .
—a ¥ 4+ 0,P" + =70, (PyFyr) = —j"

P; =




V. General Theory of Topological Insulators

A. Topological field theory
3. Dimensional reduction to the three-dimensional Z, topological insulator

» The full set of modified Maxwell's equations + &-term:

1 1
— 0, P 4+ 8, P 4 "D, (PyFy,) =

41 41 c
* In component form

V-D =4rp+2a(VF; - B)

10D A4r, 1
10B
E4-2> —
V X +C(9t 0
V-B=0

where D =E + 4nP and H = B - 47M
» Alternatively one could absorb the topological terms while defining D and H
(previous section)
H =B — 47M + 2P;aE D =E + 47P — 2P3aB
» The topological response can be determined by taking a functional derivative of

the topological action with respect to A,

1
jM — %GW/UT@VPZSaaAT



V. General Theory of Topological Insulators
A. Topological field theory
3. Dimensional reduction to the three-dimensional Z, topological insulator
1. Half-QH effect on the surface of a 3D topological insulator

« When P, = P,4(z) the topological response equation becomes
] =

. o2

 Integration along the z-direction gives the total Hall current

Z2 ' 1 zZ2
= [ g ([ ) B

with total 2D Hall conductance .
Ui?z/ dP3 /21

» For a interface between a topologically nontrivial

Eluypal/A,O? :u7 v, p - t) L,Y

l0.5

Insulator with P,=1/2 and a topologically trivial
insulator with P,=0 (say vacuum) the Hall 0.3
conductance Is g = AP, = +1/2

« Aside from an integer ambiguity, the QH 0.1

conductance Is exactly quantized, independent of
the details of the interface




V. General Theory of Topological Insulators

A. Topological field theory
3. Dimensional reduction to the three-dimensional Z, topological insulator
2. Topological magnetoelectric effect induced by a temporal gradient of P,

 When P, = P,(t) the topological response equation:
>0 i Oy Ps . (S

) = —%eijk(‘?jflk, 1,7, k=z,y,z2 I

which can be compactly written as,
j= —@B —p=0
27

 Since j = o,P, for a constant static magnetic field, |
we can Write o,P = —9, (P3B/2n) !

B ' r g
P = 5 (P + const.) 0 m 21
T

» This can also be viewed as the higher dimensional charge pumping

« Witten Effect: assume we have magnetic charge distribution, i.e. V.B £ 0
V.j= LY
21
* The monopole density is given by p,, =V -B/27
Orpe = (0 1%) pim
« When P, is changed adiabatically from 0 to ®/2z the monopole acquires an

electric charge _ 5
Q= 5-Qn




V. General Theory of Topological Insulators

A. Topological field theory
4. Further dimensional reduction to the two-dimensional Z, topological
Insulator

« Similar to 3D Tls, topological order parameter can be defined for 2D Tls

* \We need two Wess-Zumino-Witten extension parameters (u, v) since dimensional
reduction needs to be performed twice on the 4D QH state

» Fora general interacting insulator, the 2+1 D topological order parameter is
expressed as

eﬂ””” / du / o / X T [(69,67) (60,67 (60,67) (Go,67Y) (GO 6 )]

=0or 1/2 (modZ)

where 777 is the totally antisymmetric tensor in five dimensions, taking value 1
when the variables are an even permutation of (k,, Ky, k,, U, v)

» This topological order parameter is valid for interacting QSH systems in 2+1 D,
Including states in the Mott regime

« Note: This is not true for all Mott insulators; P, might not be a good topological
order parameter for some 3D Mott insulators




V. General Theory of Topological Insulators

A. Topological field theory
5. General phase diagram of topological Mott insulator and topological
Anderson insulator

» Topological order parameter defined earlier not applicable to all interacting
systems

» For example, Topological order parameter difficult to compute when we have
ground state degeneracy or intrinsic topological order; TFT is still possible

e In 3D, Fractional Tls (FTIs) have P, = rational multiple of 1/2

» Breaking TRS on the surface of FT1 =» half of Fractional QHE (FQHE)

 Ingeneral, consider H = Hy(A, A, ...) + H{(94, 95, --.)

* For F — B we have dynamically generated SOC
» Several proposals g /
» Topological Mott insulators (TMI)
» Topological Kondo insulators (TKI) Ao —

r

For example, consider the Kane-Mele-Hubbard
model

H=—t Z c}cj + A Z C;-LVZ']'O-ZC]' +U Z NitTi| E
(i.5) {{@.7)) !




V. General Theory of Topological Insulators

A. Topological field theory
5. General phase diagram of topological Mott insulator and topological
Anderson insulator
» For example, consider the Kane-Mele-Hubbard model

H = —tz cjcj + 1A Z c;fuijazcj + UZ”Z’Tnil
v (i -

 Interactions can be dealt with TFT be solving for full Green’s function

« Useful simplification: when there is an adiabatic connection to non-interacting
system we can define a “topological Hamiltonian”

h(k) = —G71(0,k) = ho(k) + 2(0, k)

» Remarkably, the topological Hamiltonian captures the topological invariant of
the full interacting problem

« Other simplifications: Self-energy is local like in Dynamical Mean Field
Theory (DMFT), 1.e. X(w, K) = Z(w)

)

Hy = hil* Gl = iw— Wi — S(w) = G5, — AT
a=1
« Expression for topological order parameter
0,G!
_ = d4 atom acehaa hba hed hda he
! 7T2 BZ / 21 (G o — [Pc? )3€bd KRR



V. General Theory of Topological Insulators

A. Topological field theory
5. General phase diagram of topological Mott insulator and topological
Anderson insulator
» Other simplifications: Self-energy is local like in Dynamical Mean Field
Theory (DMFT), i.e. X(w, K) = Z(w)

Hy = Zh“l““ Gl = iw— Wi — S(w) = G5l — AT
» Expression for topologlcal order parameter
0,G!

_ = d4 atom acehd@ hba heo hda he

! 7T2 BZ / 21 (Gl — [T >3€bd R TATR E TE T

* Integrate out frequency part
/ dv  0.Gyom 3

271 (Gl — a2~ 161
* Winding number becomes
3 . . . . -
n=1xgs | d4k Eabede MO, PO, MO, Wit O, B,
T

e When X(w) is diagonal in orbltal space:
Chern number = Frequency-Domain Winding Number x Chern number of a
mean-field Hamiltonian



V. General Theory of Topological Insulators

A. Topological field theory

5. General phase diagram of topological Mott insulator and topological

Anderson insulator

» For disordered systems, we can use TFT
be replacing Green’s functions by the
disorder-averaged Green's functions

» Interpret g as the disorder strength in the

phase diagram
o Effect of disorder on QSHE
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V. General Theory of Topological Insulators
B. Topological band theory

* Only works for non-interacting system
» Important tool in the discovery of new topological materials
« Difficult to evaluate Z, invariants for a generic band structure
» Three approaches
« Spin Chern numbers
» Topological invariants constructed from Bloch wave functions
» Discrete indices calculated from single-particle states at Time-Reversal
Invariant Momentum (TRIM) in the Brillouin zone
o Consider the matrix B.s(k) = (—k,a|T|k, 3)
o Atthe TRIM B(I';) is antisymmetric; we can define
5 _ v/ det[B(T;)]
" PB(TY)]
* In 1D, there are only two TRIM, and a “TR polarization” can be defined as the
product of 6;: 7 = (—1)"" = 6,0,

o Similarly for 2D we can define (—1)"2> = (—1)"k=0=Foth=x ———1 A,
4 21 *22
kZ
—1)¥2D — 0; « . *— -9\
=) g Ll Ty 1

o Trivial: (-1)"» = +1 and Non-trivial: (-1)¥» = -1



V. General Theory of Topological Insulators
B. Topological band theory

e “Dimensional increase” to 3D 8

(=1)"P = H 0;

« Weak TI: (-1)¥» =+1 and Strong TI: (-1)¥» = -1

 Product of any four o, for which I'; lie in the same
plane are gauge invariant

» Therefore we get 3 more invariants defined by

(_1)’/k — H 5i=(n1n2n3)

nkzl;nj;ékzo,l

e |tis useful to view these 0: (001) 0: (011) 0: (111) 1: (111)
Invariants as components of 4k, AR Ak Ak
a mod 2 reciprocal lattice + - + + + + + _
VECIOr G, = v1by + by + 13bs | o k| o+ o k| o k| i ko
» For adislocation with + N L7 - N +
Burgers vector b it was 2\ 2 2
shown that there will be - ; ;
gapless modes on the Ky Kx Ky

dislocation if G -b=(2n+1)
7 for integer n




V. General Theory of Topologlcal Insulators

B. Topological band theory O0; (001) 0; (011) 0; (111) 15 (111)

A Ak Ak Ak
 The surface band structure qy - A4y - 4y - 4y o+

(bottom figures) will ' - ' . ' . ' -
resemble + H 5|+ H K|+ H K|+ + X
(a): paths connectinga & S Y S
filled circle toanempty  ~ tk LY ’
circle . ‘
(b): paths connecting
two filled circles or two
empty circles
* With inversion symmetry El@)

rewrite 9, as 3
a2 e

g
b1 a2 b2
0; = H €2m € e €b1

at a1 -/—
where §2m(1“i) = il IS the parity

k k
eigenvalue of the 2mt" band at I';) A, Ay A Ay

and &, = &,,,; are Kramers pairs
» This algorithm also applies to non-inversion symmetric materials which can
adiabatically deformed into inversion symmetric ones without closing the energy

gap




V. General Theory of Topological Insulators
C. Reduction from topological field theory to topological band theory
 It’s intuitive that there’s a connection between TBT and TFT in the non-
Interacting limit
o TFT requires knowledge of the band structure over the entire Brillouin zone

* Recall the matrix
Bos(k) = (=k, a|T|k, 3)

e The TFT formula for P, then reduces to
/ d*k €7" Ty [(BO; B")(B8; B')(Bd,B")| (mod2).

2P3(mod 2) = — Y

e The TFT formula for P, gives deg(f), where f: T3 — SU(2)

* Due to TR symmetry, if we choose the image point as one of the two
antisymmetric matrices in SU(2) (e.g. ig,) we have an interesting “pair
annihilation” of those points other than the eight TRIM

 |In other words, Brillouin zone has redundancy in the non-interacting limit

» The explicit relation between TFT and TBT is
(-1 = (~1y



V. Topological Superconductors and Superfluids

Superconducting gap, in Bogoliubov-de Gennes (BdG)
Hamiltonian, is analogous to band gap of insulators
SHe-B is a topological superfluid state; BdG
Hamiltonian identical to 3D TI

Classification similar for Topological Superconductors
(TSCs) and Tls in 2D

TRS breaking 2D TSCs are classified by Z like IQHE
TRS preserving 2D TSCs and 2D Tls are both Z,
TSCs in 1D are always Z, with or without TRS
Subtlety: 3D TSC is Z while 3D Tl is Z,

AZ\d 0 1 2 3
A Z o0 @ o0
AL 0 Z 0 Z
AL Z 0 0 0
BDI Z, Z 0 0
D Zy [z 0
DIII 0 |Z| @o (Z)
ATl Z 0 @) @y
CI 0 Z 0 7
C 0 0 Z 0
CI 0 0 0 Z

Aside from striking similarities between time-reversal symmetric TSCs and TIs,
TRS breaking TSCs are interesting due to non-Abelian statistics and their
potential application to Topological Quantum Computation (TQC)

pHip, TSC with V" vortices has that many Majorana Zero Modes (MZMs)

Braiding vortices gives non-Abelian statistics

Simplest V" = 1 spinless chiral TSC first proposed by Read and Green in 2000
Spinful version predicted in Sr,RuO,; very little experimental progress
New proposals based on conventional superconductors proposed by including

elements with high Spin-Orbit Coupling (SOC)



A. Effective models of time-reversal invariant superconductors

The simplest way to understand TRI TSCs is through
their analogy with Tls

Similar to TRS breaking example: just as a QH state
with Chern number N has N chiral edge states, a
chiral TSC with topological invariant V' has V" chiral
Majorana edge states

However, unlike IQHE, chiral Majoranas have half
the Degrees of Freedom (DOF) as chiral electron
edge states

Therefore, the chiral superconductor is the “minimal”
topological state in 2D

Superconducting analogue of QSH state: a “helical”
superconductor

Spin up: p,+ip,; spin down: p,—ip,
Counter-propagating Majorana Kramer’s pairs

These “Majorana modes,” and not “Majorana
fermions,” superficially have the same Dirac-like
dispersion as Majorana fermions in high energy

V. Topological Superconductors and Superfluids
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E
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V. Topological Superconductors and Superfluids

A. Effective models of time-reversal invariant superconductors

« Hamiltonian of the simplest nontrivial TRS breaking superconductor, the p+ip
superconductor for spinless fermions
1 € Ap c
=32 e (a5 20)(8)
p
where ¢, = p*/2m — u and p+ = p. T ip,

 In the weak pairing phase with x> 0 the p. + i¢p, chiral superconductor is known
to have chiral Majorana edge states propagating on each boundary, described by
the Hamiltonian Heage = Y vrkyv_s,vn, Where v s, = o

ky >0
« Simplest model for the topologically nontrivial TRI superconductor in 2D:
Ep Ap_|_ O O C]LI)T
1 - A*p_  —¢ 0 0 ~ s c
— N ut| 2P P with ¥ (p) = | “»!
H 5 Z / k ) W A 7 th ¥ (p) L
p
0 0 —-Apy —¢ C]L_pl

* Note that upper (lower) block, with p. +ip, ( p.—ip,) pairing, is analogous to
spin up (down) Kramer partner
 Hamiltonian has same form as BHZ model with PHS and k-dependent mass

term M (k) = M — 2B(2 — cos(k,) — cos(k,)) replaced by €, = p*/2m — u
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A. Effective models of time-reversal invariant superconductors
« Simplest model for the topologically nontrivial TRI superconductor in 2D:

Ep Ap_|_ O O CJ[pT

1 ~ A'p_  —e 0 0 = PO c_
— N ut| 2F P with ¥ (p) = | “»!
H 2 Z v 0 0 ep —A'p_ v thv(p) Cp|
: 0 0 —-Apy —¢ C]L_pl

 The form of this model is similar to 2D TIs; i.e. Bogoliubov quasiparticles
behave like electronsina Tl

» Although free electron edge states protected by TRS in Tls, is it also true for
Bogoliubov quasiparticles?

» Consider the edge state Hamiltonian

Hedge — Z UFky (w—kykayT - w—kyl¢kyl)

ky>0

e The Bogoliubov quasiparticles ¥x,, %, in terms of electron operators
| I
Vg, 1 = /dzaj ug, (z)cq () How, (@ ciTL(a:)) \ Eigenstates of
BdG Hamiltonian
s = [ @ (a0 @)ei(o) + 07, )] @)

« Time-reversal transformation of electron states implies 7y, ;7' = ¢_,, and
T, T = —_py

N——




V. Topological Superconductors and Superfluids

A. Effective models of time-reversal invariant superconductors

o Similar to 2D, the 3D TSC Hamiltonian can be written as Cpt
o + Epﬂgxg 20'20'a (Aajpj) . — Cpl
= Z\P ( —€pllaxo v with ¥(p) = C]L_pT
. i
where Aaﬂ Au® 18 a 3 X 3 matrix withu € SO(3) € pl

 Ignoring dipole-dipole interaction term, and performing a spin rotation, A* can
be diagonalized to A% = A¢™  ———

€p 0 Ap—i— _Apz

1 2 it 0 €p —Ap, —Ap_
H = 3 /d x U Ap. —A'p.  —ep 0 )

—A*p, —A¥p, 0 —€p

where ¢, = p*/2m — p and p+ = p. £ ip,
» For x> 0 the surface states are Majorana
mode descrlbed by

surf Z UFw k xO0y — kyo-m) ¢k

with the Majorana condition ¢—i = ;"
 Particle-hole symmetry enforces

» Chemical potential at the Dirac point (« = 0)
 Spin lies in the surface plane
» Spin winding around the momentum is well-defined and gives invariant Z
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B. Topological invariants

e TSCs with and without TRS in 1, 2, or 3 dimensions is either Z, or Z
» Generic mean-field BdG Hamiltonian for a 3D TR invariant superconductor

H=>Y)" [w;ghkwk + % (wltAkwT}; + h.c.)]
k

« In adifferent basis we have H = ) ~ 0] H, 0y,
k

Hk_l( 0 hk+z‘TAL> o, — L (wk—ﬂwik>

"2\ b —iTAL 0 V2 \ e +iTyt

where ¥« 1S an N-component vector and hy, and Ay are N x N matrices

e The time-reversal matrix satisfies: 7'm7T = hT, , 72 = —-1,and 7'T =1

» The above off-diagonal form is only possible with TRS + PHS

 These two conditions also require hermiticity of 7A! ; this means generic non-
hermiticity of Ay +iT Al

« Using singular value decomposition we can write hy + T Al = Ul D\ Vi ; we can
deform (diagonal) matrix Dy into the identity without closing the bulk gap

 Then defining Qi = U/ Vi € U(N) integer-valued topological invariant can be
defined as 1 31 ik : ; ;
N = 515 [ kT QLA QLIQK

e 1D and 2D invariants can be obtained by dimensional reduction
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B. Topological invariants 1 3
N = 5y [ kT [Qla0kRLO,QLQN

» Consider Qx in the weak pairing limit
* When the Fermi Surfaces (FSs) are non-degenerate, and Ay is only turned on
around the FSs, the matrix elements of 7A! between different bands are

negligible; to leading order we have 5.1 are simply matrix
h + i TAl ~ ok + 10 In, k) (n, k "
kT 2 (enc 0 [ ) . K elements of Al

= (n,k|TA! |n,k) € R<— | between In, k) and its

where|n, k) are eigenvectors of hy Kramers partner
 In this approximation Q, are given by
Qu ="y "™ |n,k) (n, k] ek = (qic + i) / lenc + 10

* Plugging the above e;pression for Qi into the general formula for Ny we get

1 g
Nw = Q472 /dgk €A Ty <Z€ nk i1, k) (ng, k|> <Ze 2k |ng, k) (ng, k|> <Ze Ongic Ins, k) (ns, k|>
X 0; (Z e'frax |y, k) (ny, k) (Ze Bnsic |ng, k) (ns, k|) O (Ze nek g, ><n6,k>]

o= s T o, (2@ sm(i )) g (%)) 9 9
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Ny

 Restrict the pairing to an energy shell —¢ < enx <e

B. Topological invariants
Ny

1 -~
/d3k €IF Ty [QL@QkQLankQL@ch

T 22

| I

Formulas from the last slide

hk + ZTAT ~ Z (Enk -+ Zénk) \n, k> <n, k‘

Spe = (N, k| TAL |n,k) € R

Qx = Z e |n, k) (n, K|

n

ewnk — (€nk + chnk) / ’€nk + Z(Snk‘

27?2 dBkZ ! [ .

a’® = —i(n,k|0;|s, k) 3

J

sin <%) sin (%) sin (%> =
2 2 2

1

4

; means only 4, IS non-zero

» This meansyg,,. outside this energy range is an integer multiple of n
 Standard (but not simple!) trigonometry gives

sDe65) +3m e m)

In the limit ¢ — owe have 6,, — 0 the remaining two terms vanish
« Therefore, the entire 2" term of Ny vanishes

9718
First term? o< —0,0,)sin’ (7>

o0”?
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. Ny = —
e Main formulas 24m

B. Topological invariants 1 —
PO / Ak T | Q].0, QL0 Qi Qx|

I + T AL ~ >~ (nx + i0uk) I, K) (n, K Qx =Y _e”*|n k) (n,X|

n

5o = (0, k| TAL In, k) € R &0 = (€ntc + 100c) / lensc + 10

y .. 6?18
Ny = ——— Pk €*(9,0, [aysaz” sin? <7)] a}® = —i(n, k| 0;|s, k)

2772

. — > OSD? ens — en - 93
» To the leading order, near the Fermi surface we have
VF <k_]_ — ]CF) + Zénkp

\/U% (k — kp)" + O
 Inthe limit 6,,, — 0 we have ¢ ~ —1 +i0 ; more precisely we have
lim O, = wsgn (dpk, ) n (krp — k1)

* On differentiating we getF
Ok, Onx = —msgn (0,x) (kL — k)
which, in the vector form, looks like
VO = —mvpsgn (Onk) 9 (€nk)
* The 0,0, term does indeed blow up at the Fermi surface

o0k~
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B. Topological invariants
Main formulas

Ny =

1
2472

/d3k R Ty [QL@QkQLankQIﬂka]

hue + T AL ~ >~ (nx + i0uk) I, k) (n, K Qx =Y _e”*|n k) (n,X|
S = (n, kyTN n, k) € R ' = (€nx + i0nk) / |€nk + 10nx|
(9 s ns __ g )
oo AT s ()] 7o
&uﬁnk —7rSgn (5 )(S(ku_ — kp) " " ’
* Plugging in all the formulas
i k‘F—l-e/UF 9
Ny = —— d’k / dk | Z 6, sin” (ﬁ) (a]%a3" — ay’ai™)
272 FS kp—e/vp n,s 2
_ 2 d2k d0 - sin? On — 0, ( ns _sn __ _ns sn)
. —4,) o,
l SlIl S ns  sn ns _sn
T o2 o d2k|l Z ” (af%a3" — ay®ai")

« Labeling the single band crossing the Fermi surface withn =0

. . oF
! 2 Z 0o —sin (6o — 05) | o4 <0 0s 50
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B. Topological invariants v 1 /d3k Ty [0 -0 0L 3001 .0
: W = €' 1"[ i@k &k k k]
e Main formulas 24 ¢ KTk
hue + T AL ~ >~ (nx + i0uk) I, k) (n, K Qx =Y _e”*|n k) (n,X|
S = (n, kyTN n, k) € R ' = (€nx + i0nk) / |€nk + 10nx|
@ ns ___ .
3 ik ns . sn ns = — ,k 0 ,k

Ny W dkz g 89n[a ay" sin (7)] Z; 9@_<n0 |9 15, k)
&uﬁnk = —7sgn (5 )(S(ku_ — kp) " " ’

 Labeling the single band crossing the Fermi surface withn =0

1 0 — sl
Ny 5 d2 a?sago — agsa‘io)
T
s#£0
[
. 2 E : Os _sO Os . sO
S s#0

1
= - Z sgn (s ) /FS &’k (01a3” — 02al°)
-5 Z Sgn Cls

e Formal expressmn for the Chern number: ¢, = zi dQ7 (Dsas;(k) — 0;a4(k))
T JFs,
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B. Topological invariants
: 1
» Topological invariant or winding number: ny,, = 5 ngn (85) Chs

e Chern number: i
1 : o
Cra =5 | A (9iasi (k) = Djasi(k))  asi = =i (sK| 7 |sk)

o Consider ansexample: he =k*/2m — p+ak-o

« Rashba spin-orbit coupling gives two spin-polarized Fermi
surfaces with opposite Chern numbers of 1

» Consider a pairing function Ay = iAgo?

» The pairing function cannot be constant; it must change sign
between different Fermi surfaces

* Now, consider unconventional, 1.e. momentum dependent
pairing Ay = iAgo?o - k

* Consider analogy to TRS breaking counterpart

s-wave SC

2DEG with Rashba

FM insulator
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B. Topological invariants

» Topological invariant of 2D and
1D TSCs obtained by dimensional
reduction

« Consider 3D Hamiltonian with k,
replaced by 6

» Topological invariant in 2D:

Nop = (—1)Nw = (_1)%25 sgn(3s)Crs _ H (z’sgn(ds))cls

0

w

3

(T

k

y

* The Chern number obeys the properties:

« For m; TRIMs enclosed in the s* Fermi surface we

have (—1)“ = (—=1)™=

* As a consequence of the Nielsen-Ninomiya theorem

we havez Clo =0

 Topological invariant for 2D TSCs: Nyp, — I ] (sen(s.))™

 In 1D each Fermi “surface” encloses 1 TRIM: invariant

for 1D TSCs is Nip = [ (sgn(ds))

S

kX

hx.o

S

T

dimensional
reduction

S

O

My —

Mg | —




V. Topological Superconductors and Superfluids

C. Majorana zero modes in topological superconductors
1. Majorana zero modes in p+ip superconductors
» The core of a p+ip superconducting vortex contains a localized quasiparticle with
exactly zero energy: the Majorana Zero Mode (MZM)
» The quasiparticle operator vy Is the Majorana mode obeying [y, H]=0andy" =1y

* When two vortices are exchanged, since the phase

of charge-2e order parameter winds by 2=, electron /:2’/2
picks up a phase

 Since Majoranas are superposition of electron creatlon and annihilation operators,
we gety; — -y, andy, — 7,

» Two vortices actually share two internal states labeled by iy,y, = £1

« With 2N vortices the core states span a 2N-dimensional Hilbert space

e The braiding of vortices leads to non-Abelian unitary transformations in this
Hilbert space

* Non-locality of the internal states of vortices ensures their coupling to the
environment to be exponentially small = fault-tolerant quantum computation at
the hardware level

 Natural p+ip =» Sr,RuO,; many properties of this system remain unclear

 Artificial p+ip: proximity effect on (i) surface of 3D TI (i) TRS breaking 2D TI
(ii1) semiconductors with strong Rashba SOC
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C. Majorana zero modes in topological superconductors
2. Majorana fermions in surface states of the topological insulator
* Fu and Kane proposed MZM in superconducting vortex using surface states of a
3D topological insulator
« Consider (say) the surface of Bi,Se,

H = Zw* v(o X p)-z—ply with w—(ﬁ)

* Considering proximity to an s- wave superconductor we add Ha = A¢le] + hee.
e The BdG Hamiltonian is given by Hgac = Z\IJTH v where o' = (¢t ¢ )

o v(ioXPp)-z—p zayA
P —ioY A —v(o X P)-z2+ 1

« With a finite 4 and a TRS breaking mass term mo* we can write
H = Zzﬂ v(o X p)-z+mo® — pl wWith u>m >0, p—m<m

p? “nonrelativistic approximation”
/d% v (2_ e M) ¥+4~ to the massive Dirac Hamiltonian

where %, Is the positive energy branch of the surface states; in momentum space

Vrp = uptr tupty with 1, m and v — P~ 1_ m
P2 e /pr w2 " Ip] 2,/p? + m?
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C. Majorana zero modes in topological superconductors
2. Majorana fermions in surface states of the topological insulator

» Nonrelativistic approximation
2

p :
H =~ d%“@bi(——l—m—,u)@mr WIith 4> m >0, p—m < m

2m
where ¢ is the positive energy branch of the surface states; in momentum space
Vip = Upty + Vp¥ With o 1 n m and 1 m
P2 e /pr e - | ! C2prm?
» The projection of the pairing term Hx onto the ¥+ band we get
Ha =~ Z Vi p¥l pAupup +hic. Precisely the

/ Hamiltonian for a

Ap
~ Z - Uk pUh p+he p+ip superconductor

* Aswe tune m — 0, we can st111 tune 4 — 0 while satisfying x> m >0, p—m <m
and keeping superconducting gap finite; i.e. MZM still exists with TRS and x =0

» Lower dimensional analogue of this system =» pairing on the edges of QSHE

e MZM appears on the domain wall between s-wave superconductor and
ferromagnetic insulator on the QSHE edge
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C. Majorana zero modes in topological superconductors
3. Majorana fermions in semiconductors with Rashba spin-orbit coupling
o 2D electron gas with Rashba SOC: system which is described by a Hamiltonian
very similar to the surface of a 3D Tl

2
m
* When s-wave pairing is introduced, each of the two 2DEG with Rashba
spin-split  Fermi surfaces forms a nontrivial _
superconductor FMiinsulator

« The Majoranas from these two Fermi surfaces
annihilate each other so that the s-wave
superconductor in the Rashba system is trivial

» Breaking TRS opens a gap at k = 0; if chemical
potential lies in the gap only one Fermi surface exists

o Alternative to Ferromagnetic (FM) insulator: in-
plane magnetic field + Dresselhaus SOC

o Similar scheme possible in 1D: semiconductor
nanowires with Rashba SOC

* Non-Abelian statistics still possible in 1D nanowire
“T junctions”
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C. Majorana zero modes in topological superconductors
4. Majorana fermions in quantum Hall and quantum anomalous Hall
insulators
» A proposal based on proximity effect to a 2D QH or QAH insulator

e Consider a QH insulator with Hall conductance Ne?/h in close proximity to a

superconductor
» For infinitesimally small pairing we get chiral TSC with invariant ;' = 2N

 The edge state Hamiltonian, in terms of creation/annihilation operators for a
complex spinless fermion, of a QH state with Chern number N = 1 is described

by Hedge = Z ’Upyn;;ynpy Where {’Y_pya, pr@b} = 5ab5pypg and fY]];ya — /y—pya
Py

. : 1 _ 1 .
» Split into Majorana operators 7, = ﬁ(vpyl +iYp,2) and "y, = \ﬁ(v—pﬁ — i _p,2)

Hedge — Z Py (/7—py1,7py1 + /‘Y—pr/pr2)

Py >0

 QH plateau transition from N = 1 to N = 0 will generically split into two

transitions when superconducting pairing is introduced
» However, large external magnetic field suppresses superconductivity

» Can induce superconductivity in QAHE in Mn-doped HgTe QWs, and Cr- or Fe-

doped Bi,Se; thin films
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C. Majorana zero modes in topological superconductors
5. Detection of Majorana fermions

» Consider the geometry shown in the figure to edge mode  vortex
the right

* An incident electron, with E = 0, splits into
two chiral Majoranas at point “a,” with each
Majorana following a path “b” and “c,” and
recombining at point “d”

» Say the ring encloses a flux ® = nhc/2e

* For odd (even) n we get a (an) hole (electron)

at pOint “d” electrons Majorana
e Other pr0p05a|s or holes fermions
* Charging energy effects in mesoscopic
superconductors

 Doubled period of the Josephson
tunneling current as a function of flux (i.e.
Fraunhofer patten) in 1D and 2D junctions
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